SHARP WEAK TYPE ESTIMATES FOR WEIGHTS IN THE 

ALEXANDER REZNIKOV 



' Abstract. We get sharp estimates for the distribution function of nonnegative 

. . weights, which satisfy so called ^pi,p2 condition. For particular choices of param- 

eters pi, p2 this condition becomes an v4p-condition or Reverse Holder condition. 
We also get maximizers for these sharp estimates. We use the Bellman technique 
and try to carefully present and motivate our tactics. As an illustration of how 
, these results can be used, we deduce the following result: if a weight w is in A2 

' then it self-improves to a weight, which satisfies a Reverse Holder condition. 

! 1. Introduction 

^ ' 1.1. Problem setting: basic definitions. Put / = [0, 1] and take pi > p2, Pi 7^ 

'•^ ■ 0, ±00. For every non-negative function ip and any interval J C / we denote 

^ ■ If 

J 

^ I where \J\ is a length of the interval J. For simplicity, when we take an average over 

00 ■ the whole interval /, we drop the subindex and write ((/?). 

^ . Take a nonnegative function w. Note that by the Holder inequality we have 

^: (1) {wny^in^n?- 

O ' Let Q > 1. We are going to consider such functions w that the following 

"reverse" inequality is true: 
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(2) {wP')y ^Q-iw"")'/ VJC /. 

If Pi > P2 > I then ([2]) is called the reverse Holder inequality. If pi = 1, p2 = ^j;zi 
for a certain p > 1 then ([2]) is a famous y4p-condition. 
If w ^ satisfies (El), we write 



We are interested in the following question: how big can w be? That is, for given 
A, we want to estimate the measure of the set 

{tel : w{t) ^ A}. 
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1.2. Bellman setting and initial properties. 

1.2.1. History of the question. Recently theory of weighted estimates had a great 
progress. Ap weights play a key role in theory of singular integrals on weighted 
spaces. That is why we think that sharp estimates for their distribution function is 
interesting. 

Bellman function related to harmonic analysis appeared in the work of Burkholder, [1]. 
After that the first appearance was in the preprint of the paper by Nazarov-Treil- 
Volberg, 

Slowly different methods to find an exact Bellman function were developed. Reader 
can find them in papers [6], [9], [7], [8]. 

There were two works by V. Vasyunin, [7], [8], which are related to the question 
we are concerned in. He gave a sharp estimate of the {w'^) ^ for every g e M, with the 
assumption that w e A^^^p^. After the work [7], M. Dindos and T. Wall, [2], found 
the sharp Ap-"norm" of a function, which is in a Reverse Holder class, mentioned 
above. V. Vasyunin used a Bellman technique and we shall follow it. However, 
we should make some changes, since in Vasyunins work he was able to reduce the 
question to solving a certain ODE. We can not do it and we are going to solve a 
PDE, following the Monge-Ampere Technique, see |9]. 

We should mention the following. After the work [6j was finished, there was an 
investigation of the question, similar to our, but in the space BMO instead of Ap^^p^ 
(i.e., estimating the distribution function of a function which is in a "ball" in the 
BMO "norm"). Even though it was discussed, it was never published. We follow 
the pattern of this investigation. 

Finally, we mention that applications of estimates we are giving arise in many 
questions, related to Calderon-Zygmund operators. In the Section [8] we show how 
to deduce a Reverse Holder inequality with sharp power for A2 weights. Such in- 
equalities are very useful, we refer the reader to papers [5] and [3]. 

1.2.2. Acknowledgements. 1 am infinitely grateful to Professors Vasily Vasyunin and 
Alexander Volberg for spending a lot of time discussing this problem with me. 

1 also want to thank Carlos Perez, the organizers of the 19th Summer St. Pe- 
tersburg Meeting in Mathematical Analysis and the Analysis and PDE seminar at 
Michigan State University for an opportunity to present these results. 

Finally and mostly 1 want to thank my mother for all her support. 

1.2.3. Initial definitions. Denote 

J_ _L J_ 

VL = {x = {xi, X2) : Xj ^ 0, ^ xl^ ^ Qa^2^ }■ 
For every point x G we set 

(3) B{xi,X2] A) = sup {|{t: w{t) ^ A}| : = ^1, K') = X2,w & Ag^J . 

Note that the definition of the VL is caused by ([1]) and ([2]). 
We also need the following remark: 

Remark 1. For every point x = {xi,X2) G Q there is a function w G A^^^^ such 
that {w^'^) = Xi and {w^'^) = X2. 

This remark has a proof, which is the same as the proof of the Lemma 12.61 This 
remark shows that B is defined (not equal to —00) on the whole domain Q. 
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Remark 2. Obviously, if X ^ then B{x; A) = 1 for every x. 
In the future we consider only A > 0. 

Denote 

1 j_ 

Ti = {(xi, X2) : Xi^O, X2^ = }, 

j_ j_ 
Tq = {{xi,X2): Xi ^ 0,xl' =Qx2^}. 

Lemma 1.1. Let {vP\vP'') G Ti. Then 

Proof. Let (w^^) = (vu^^) = v^^. Then the Holder inequality becomes an equality 
and therefore w is identically equal to v. Thus if f ^ A then {t : w{t) ^ A} = / and 
B{vP\vP^] A) = 1. Similarly, if ^; < A then B{vP\vP^; A) = 0. □ 

Now we are going to get rid of the A using homogeneity. Take w G ^p^,p2 
{vjP^) = Xi, {vjP"^) = X2. For a positive number s denote w(t) = s ■ w{t). Then 
w G v4g^p^ and {wP^) = sP'Xi, (wP^) = sP^X2. Also 

wit) ^ A ^ w{t) ^ s\. 

Therefore, 

B{xi, X2] A) = i3(s^^xi, 5^^0:2; s\). 

Put s = J. Then we get 

B{xi,X2] A) = B{X-P'xi, X-P^X2; 1), 
so it suffices to find only B{xi, X2; 1) for every (xi, X2) G fl. We set 

B{xi,X2) = B{xi,X2; 1). 

Lemma [1.11 tells that 

'1, v^l 



(4) B{vP\vP^] 



0, V <1. 



1.3. Structure of the paper. We would like to write the structure of the paper. 

We do it here because we have just defined the main object of the paper. 

The strategy is the following: we deduce some heuristic properties of function B. 
Then we try to find a function B, which satisfies these properties. 

In subsections 11.41 and 11.51 we deduce the main property of B. Then in Section [2] 
we make some technical calculations. In the subsection 12.2.41 we present some more 
ideology which helps in such kind of problems. 

Further, in the Section [3] we show how to find an appropriate candidate for B. 
The main machinery that will be used is so called Monge-Ampere equation, which 
we briefiy describe in Subsection II. 6[ The reader can read fS] for more examples. 

After we find a function B, which is the most natural candidate for being our 
Bellman function, we start proving that B = B. In the Section H] we prove that 
B^B. 

To prove that B ^ B, we need to take an x, x G fl, and find a function w G A^^^ ^^ 
such that {{vjP^) , {wP^)) = x and B{x) = \{t: w{t) ^ 1}|. We shall do it in the 
Section O We also emphasize that the function B and its properties somehow carry 
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an information about attainability of the supremum (i.e., if sup = max) and about 
the maximize!. 

1.4. The main property: local concavity. We give the following definition. 

Definition 1. A function F is called locally concave in a domain Q if for every 
X E Q, for every convex neighborhood U of x, such that U C Q, the following 
inequality holds: 

F{iix+{l~^i)y)^^iF{x) + {l-^i)F{y), ^y e U, V/iG [0,1]. 

In this section we will use some heuristics to conclude the main property of the 
Bellman function. We can not prove this property directly, but we will use it to get 
an appropriate candidate for B. 

Assume that we have two points y = (?/i,2/2) ^ ^ and z = (2:1,-22) £ and the 
interval [y,z] = {^y + (1 — ^)z: /i G [0, 1]} C Vt. Assume for simphcity that the 
supremum in ([3]) is attained on functions Wy and Wz respectively. For some /i G (0, 1) 
take X = fiy + {1 — ii)z — a point on the line segment, which connects y and z. 
Denote 



w{t) 



Then 



t 



(w^^) = J wP''{-)dt + J wP,'i^-—)dt = fiyk + (1 - l^)zk = Xk. 
M 

To be able to compare B{x) with \{t: w{t) ^ 1}| we need one more thing, namely, 
w G ^pi,p2- However, we can not prove it. Nevertheless, if tt; G ^p^^pj then 

(5) B{x) ^ \{t: w{t) ^ 1}| = /i • \{t: Wy{t) ^ 1}| + (1 - /x) ■ \{t: Wz{t) ^ 1}| = 

= ^iB{y) + {l~ii)B{z). 

This property of a function is called local concavity. Note that we did not prove it. 

1.5. Degeneration of the Hessian. Assume that we have a smooth function B. 
Then B is local concave if and only if 

d^B ( Brr.rr., Br, 



dx'^ \Bxox^ B. 



^ 0. 



-'0:2x1 ^X2X2, 

Moreover, we want to find the "best" concave function. "Best" means that B must 
be as small as possible (since we want to estimate something from above). It gives 
us a hope that local concavity is "sharp", i.e., that degenerates (as a trivial 
example we mention that in the one variable case a straight line is the smallest 
concave function with fixed boundary values). Namely, for every point x G f2 there 
is a direction rrt(x) such that B is linear in this direction. This just means that 

(6) «(0)^O. 

Our plan is the following. In Section [3] we find a function B{x), defined in Q, 
which is locally concave and satisfies ([6]) and the boundary condition (jl]). 
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Next, in Section H] we prove that B{x) ^ B{x) and in Section [6] we prove that 
B{x) ^ B{x). It will mean that B{x) = B{x) and, therefore, that we reached our 
goal. 

1.6. On the Monge— Ampere PDE. In this subsection we state the following 
known result. 

Theorem 1.2. Let B be a function defined in Q and assume 

Then B can be represented as B{x) = to + ti^i + ^23^2; where ti = B'^^, t2 = B'^^, 
and 

(7) dtQ + Xidti + X2dt2 = 0. 

This theorem can be understood in the following way. Define to = B{x) —xiB'^ — 
0:2-8^2, ti,2 = B'^i2- Then for every x E Q there is line segment, which contains x 
and on which to,ti,t2 do not change. 

2. All technical calculations 

In this section we shall state and proof many formulas that we will need in the 
future. Then we shall refer to these formulas and relations. 

2.1. Initial calculations. We start from formalizing the geometry of fl. First, we 
prove the following lemma: 

Lemma 2.1. For every Q, such that Q > 1, there are two solutions 'j± (0 < 7_ < 
1 < 7+) of the following equation: 

P"^ 1 - DC! 1 P"^ r^—v-> . P2—P1 



Pi J Pi 



Proof Put f{t) = (1 - ^) + ^tP^~^\ We want to prove that there are two 
values of t such that f{t) = Q^^. Obviously, 



fit) = p2^-^-^tp^'^ + ^{p2-p,y--p^-^ = ^-i{p,-p,y^-p^-\tp^ - 1) 
pi pi pi 



sign ( ) = sign(t - 1), 



Pi ~ P2 ^r>o~l , P2 , P2 

Observe that 

sign I — 

Pi 
so 

sign(/'(t)) = sign(p2(t - !))• 

Now we consider two cases. 

Case 1: p2 > 0. Then /(O) = 00, f{oo) = 00 and /(I) = 1. Moreover, when 
t G [0, 1] then f{t) decreases from 00 to 1; when t E [l,oo] then f{t) increases from 
1 to 00. The observation that > 1 finishes the proof for this case. 
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Case 2: p2 < 0. Then /(O) = -oo, /(oo) = 0, /(I) = 1. Moreover, when t e [0, 1] 
then f{t) increases from — oo to 1; when t G [l,c>o] then f{t) decreases from 1 to 0. 
The observation that < 1 finishes the proof. 








□ 

Lemma 2.2. For every point {v^^,v^^) G Fi there are two tangent lines i+{v) and 
i-{v) to the Tq, such that v G i±{v). These tangent lines are defined by following 
equations: 

(9) X2 = —Q-P'aP^-^'ixi -vP') + vP\ 

Pi 

where a± = ■y±v. 

Proof. Let {vP\vP'') G Fi. Then 

(a^\Q-^V±^)GFQ. 
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Let i±{v) have an equation 

Pi 

First of all, {vP\vP^) E i±{v). Second, 
To prove this, we use the definition of 7±: 

whence 



Pi J Pi 



Q-P2 / 1 _ ^ ) flP? = _ ^Q-P2aP2-Pl^;Pl 

Pi J Pi 



therefore 



Pi 



which is just the required property that (a^\ Q 'P'^af!^) G i'±(t'). Also the slope 

P2 

of ^±(t') is equal to the derivative of the function X2 = Q~^^xl'^ at the point 
{a^ , Q~P'^a^), which finishes the proof. □ 

Remark 3. If pi > 0, then 7^^ > 1 and we get > 1, so > v^^ . Thus, 
for every point x = {xi,X2) on the segment of £^{v) with endpoints and 
(a^\ Q-P2aP2)^ have v^^ ^ Xi ^ 

If Pi < ^ then we have an inverse situation and for the same reason a^_^ ^ Xi ^ 

Remark 4. We remind that the point where tangent £±{v) touches Tq is {a'^ , Q~^'^a'^). 

Corollary 2.3. Take a point (1, 1) and correspondent tangents i± = i±{l)- They 
intersect T one more time at points {v^,v^). These points are defined by the fol- 
lowing equations: 

V = — 

7+' 

7+ 

v+ = —. 

7- 

This corollary is obvious: i± and izp{v±) are same lines, namely, these are the 
lines passing through the points (1,1) and (fiSfi) and being tangent to Tq at 

Lemma 2.4. Take x = {xi,X2) E VL, x ^ Tq. Then there are two tangent to Tq 
lines which pass through x. 

The proof of this lemma is the same as the proof of the Lemma 12.21 
We also need the following observation. 

Lemma 2.5. 

1 - Q-P^7f > 
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Proof. Since 



we get 



Q-P2 (i_pAy±'^i- -Q-'''iZ 



so, using 7+ > 1, we get 

1 - Q-'^'^l'-"' = ^^^g-^^7f (1 - 77^) > = (pi - P2)Q-'"ll' > 0. 

Pi Pi 

□ 

We also need the following lemma. 

Lemma 2.6. Suppose we have two positive num,hers u. v such that the line segment, 
which connects points {u^^^vP'^) e Fi and {vP^,vP'^) G Fi, lies in Vt. Suppose also 
that n G [0, 1]. Denote 

u, t e [0, fi) 
^v, te [fi, 1] 

Then w G ^^..p^- 



w{t)^ 



Proof. We take an interval J G I. If J C [0, //,] or J C 1] then 

{wP')y{wP%^ = i< g. 

li J — [a, 13], a < fi < /3 then 

^^P,^^ ^ uP^ifi-a) + vP-{/3-fi) _ 

It means that the point x = {{w^^) j, {w^'^) j) is a convex combination of the points 

1 i_ 

{vP^,vP^) and (f^^,^^^), so a; G ^2. Thus, xf^Xg ^ Q, and, therefore, w G ^p^p^- 

'□ 

Remark 5. /n particular, if J = I, then we get that (w^'') = fiu^'' + (1 — fijv^'^ . 

2.2. Splitting of Vt: formulas. Now we want to split 17 into different subdomains. 
We write precise formulas and then present a picture to show what really happens. 

2.2.1. Case 1. pi > P2 > 0. 

Qi = {x G n, X2 > Q-P'^Y+'^'i^i - 1) + 1} U {x G xi > 7^^}, 

Qii ^{xenx2< Q-^'^Y+'^^ixi + X2< Q-^'^Y-'^'ixi - 1) + 1, 

Pi Pi 

7^^<xi<7^^}, 
= {xen, X2> Q-P^^^jPJ-P'{xi - 1) + 1}, 

Qiv ^{xen, X2< Q''"-Y-~'"(xi - 1) + 1, < xi < 7^1}. 

Pi 




2.2.2. Case 2. pi > > p2- 



Pi 



nu = {xen, X2> Q-p^^Y+^'^'i^i - 1) + 1, X2 > Q-p^^Y-'^'i^i - 1) + 1, 

Pi 



-P2 P2^ p2-Pl| 

Pi 



= {x G X2 < Q-P^^^PJ-P'{xi - 1) + 1}, 

Pi 

Q^y = {xeQ, X2> Q~^''—Y-~'"{xi - 1) + 1, < xi < 7^^}. 

Pi 
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2.2.3. Case 3. > pi > p2- 



VLi = {x E VL, X2 < Q' 



P2 -^2 P2-Pl 



Pi 



-r 



{xi - I) + {x eVt, xi< -i^^} 



fill = {x G fi, X2 > Q-P^^Y+'^'^^i - 1) + 1, X2 > Q-P^^Y-'^'i^i - 1) + 1, 

Pi Pi 



fiiii = {x G fi, X2 < Q-f2^7^^-P^(xi - 1) + 1}, 

Pi 

fiiv = {x G fi, X2 > Q-P2^7^2-Pi(xi - 1) + 1, xi > 7^1}. 

Pi 
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2.2.4. Motivation. We shall try to give some motivation why we choose these sub- 
domains. 

Let us make one heuristic observation. Assume we do something similar to what 
we did in the subsection 11.41 Note that we want to make functions Wy and as big 
as possible. Also note that we know extremal functions for every point on F, since 
there is only one acceptable function. Therefore, for given x, it is good to connect 
it with some point {v^^ , v^^) G F such that v ^ 1. 

Take now Qj. Geometrically, it consists of points x with the following property: 
there exist two numbers u,v ^ 1 such that x lies on the line segment, which connects 
{u^'^, u^^) with {v^^,v^^), and this line segment lies in Q. So it is a very good domain 
for us and we separate it. 

Take now Qm. Here we can not put x on a line which connects two "big" points, 
but, however, we can connect x with the point (1,1), which is not bad, and with 
another point on F. That is why we separate this domain. 

Note that for x G Qn we can connect it with (1,1) as well, but another end of the 
corresponding line segment will come to Fq, which is bad, since we have no idea, 
which function will be extremal there. 

Now we are left with Qn and fijv, and we do not split them anymore, because we 
do not have another motivation. 

2.3. On the dependence of v on x. In this section we denote a function ^; as a 
function of x. Here is the definition. 

If X G flm then take 7^ 1 as a solution of the following equation: 



V^^{1 — Xi) — V^^{1 — X2) = X2 — Xi- 
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The geometrical meaning of this is easy. We take a hne segment, which connects 
the point x and the point (1,1). We continue this hne until it intersects F one more 
time. The point of intersection is exactly (v^^i!^^). Note that for this v we have 
sign(a;i — f^^) = sign(pi). 

Next, take all {v'^'^^v^^) on a boundary of Qiv and a tangent hne l+iv). These 
tangent lines cover all fiiv, and they do not intersect. Therefore, for every x e Qiv 
we can find exactly one such ^+{y). Notice that sign(a:i — v^^) = sign(pi). 

Take this i+{v): 

Fix X2 and consider v as a function of xi. We would like to find out the sign of v'^^. 

Definition 2. Take v{x) as a solution of the following equation: 

vP^{l — Xi) — wPi(l — X2) = X2 — Xi, X G i^iii 

X2 = Q-p^^y^^-p^vP^-p^{xi -vP-') + vP^, xe fiiv ' 

and such that sign(xi — f^^) = sign(pi). 

Our goal is the following lemma: 

Lemma 2.7. For every x the following is true: sign(v^J = — sign(2?i). 

Case 1: X e Qiv- 

Lemma 2.8. Take x e Qiv- Denote 

A = Q-p-^p^-P\ 
„ Ax\ xo 

n = — =-. 

Then 

1 A 



PiU vP^ ' 
1 1 



P2II vP'^ 

Moreover, we always have H < and therefore 

sign«J = - sign(pi), sign(v^J = sign(p2). 

Proof. Using the definition of A, rewrite the equation for v in the following form: 



X2 = —AvP^-PHxi - yP') + vP^ = —AvP'-P'xi - —AvP^ + v 
Pi Pi Pi 

^^^A^-(P-^A-1 



so 



VP2 yPl \^p^ 

Now let us take the partial derivative ^ 

_X2_ , ^P2 .( 1 PlXl , 

therefore, 

, f Axi X2 \ A 



yPl + l yP2 + l J piVP^ 
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One can get the result for v'^^ similarly. From the equation 



13 



yP2 yPl 



Pi 



we get that 



yPl yP2 yPl ^ Pi Pi 



From dHl) we see that 



l-i^A = Q~P'{l-^hl\ 



P2 
Pi 



SO 



(10) 



Axi X2 



I — El 

Pi 



DPI 



Pi 



P2 



Xi 



Pi J 

Observe that j^v = a+ and from Remark[3]we know that sign(xi — a?j!) = — sign(pi). 
Therefore, the equation 



Pl f Axi X2\ . f Xi 

^^1^ = — — -] = -Q ^'r+{pi - P2 — - 1 



finishes the proof. 



□ 



Remark 6. One can draw a picture, take a point x, move it a little hit to the right 
and observe that vP^ decreased. It exactly means that v acts as said in Lemma. We 
give a picture for the case pi > p2 > 0. 



(t^Pl (Xl, X2), V^'^ {Xl, X2)\ 

{v^'^ {xi + e, 2:2), v^'^ (xi + e, 2:2)) 
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Remark 7. We would like to warn the reader about one thing: sometimes it is not 

always sufficient to consider a picture only for pi > P2 > 0. This picture was just 
an example of what one should draw to be convinced that our proposition is true. 

Case 2: X G flm- We would like to do the same thing as before: study the sign of 
v'^_^ . Note that it is obvious from the picture that v'^^ behaves absolutely in the same 
way as before. But we shall prove it analytically. 

Lemma 2.9. Let v be as above, x e Oni. Then signv'^.^ = — signpi. 

Proof. We do the following trick. Obviously, 

Therefore, 1 = (^2 — l)h'{v)v'^^, where 

v^'i - 1 
hiv) = -. 

Deriving, we get 

PlVP^-\vP'' - 1) -p2VP^-\vP' - 1) 



h'iv) = 



(vP2 _ ly 

yPl+P2 



yPl+P2-l yPl+P2-l 



where 



thus 



hi{v) = pi - P2 + P2V - PlV 



sign(v^.J = sign(a;2 - 1) sign{hi{v)) . 
Clearly, sign(x2 — 1) = — sign(p2), and we only need to find sign{hi{v)). Since 

K{v) = -P2P1V-'"-' + PiP2V-P'-^ ^ PiP2V-P'-\l - VP'-P'), 

we have siga{h'i) — — sign(pip2)- Note that hi{l) ~ 0, whence s\gn{hi{v)) — 
sign(pip2)- Therefore, sign('i;^J = -sign(pi). 

□ 



2.4. On the local concavity and derivatives in the sense of generalized 
functions. In this paragraph we are going to discuss the following question. As- 
sume B is not smooth, but still locally concave. How to express it in the sense of 
derivatives? The answer is easy: we must demand ^§ ^ in the sense of generalized 
functions. More precisely, the following theorem is true: 

Theorem 2.10. Function B is locally concave in Vt if and only if for every sm,ooth 
function ^ with a compact support in the interior offl, and for every Ai, A2 G M 
the following inequality holds: 

J B{x) [^'^1^1 + 2^;,^AiA2 + <,,A^] dx ^ 0. 



SHARP WEAK TYPE ESTIMATES FOR WEIGHTS IN THE CLASS A, 



15 



Our next procedure is the following: we take one of the integrals above, for 
example / B{x)(p'^_^^_^{x)dx, and perform an integration by parts. While doing that, 
we assume B is continuous and B^^ is not, but we assume that it consists of two 
functions, which are differentiable. 

Our motivation is the following: we are going to find B which is twice differentiable 
in interiors of r2i,r2n,nni and fliY, and which is continuous through i±. However, 
first derivatives of B will not be continuous in £±, and we want to catch the infiuence 
of its jump on the integral above. 

We state the following lemma, where F plays the role of a derivative of B: 

T Oil T 4 T?/ \ )M^U^2), X2^kXi + m J. . 

Lemma 2.11. Let F[xi,X2) — S , ^ ■ Let (p be a smooth 

l/2(a;i,X2), X2<kxi + m 

function with compact support. By (/, ip) we denote the action of the functional f 
on the function (p. Then, considering F^^ and F^^ as generalized functions, we get 

{F^^,(p) = J J F^^ipdxidx2+ J {fi{xi,kxi+rri)-f2{xi,kxi+rn))ip{xi,kxi+rri)dxi, 
and 

{Fxi,^p)^ J J Fxj^(pdxidx2+k J {f2{xi,kxi+m)-fi{xi,kxi+m))<p{xi,kxi+m)dxi. 

Proof of this lemma is a pure integration by parts and we avoid it. 
We also make the following obvious remark. 

Remark 8. Take F as above and assume fi{xi,kxi + m) is a constant fi and 
f2{xi, kxi + m) is a constant /2. Then 

(Fj;^,(/7) = J F^^cpdx + k{f2 - fi) J (p{xi,kxi+m)dxi; 

J F^x^^dx + (/i - /2) J ip{xi, kxi + m)dxi. 

Finally, denote $± ((/?) = j (p{xi,Q'^'^^'^^^'^^ {xi — l) + l)dxi. We simply integrate 
ip over l±. Note that if 9? ^ then $±((/?) ^ 0. 

We are going to express the derivatives of B in terms of functionals $± and in 
terms of not generalized derivatives. 

To simplify our calculations we shall state a technical lemma. It says that to check 
that the "jump" matrix is nonpositive it is sufficient to check that the derivative is 
nonpositive only for one direction, which is not parallel to 

Lemma 2.12. Let B he as above. To check that the Hessian is a nonpositive gen- 
eral function it is sufficient to check that in interiors of Qi — fliy the Hessian is 
nonpositive and that Bx^x2 ^ as a generalized function. 

The proof is obvious and based on the fact that B'^_^^^ = B'^^^^ and det = 0. 

2.5. On the approximation of A^^ ^^- weights with bounded weights. In this 
subsection we are going to prove two results about the approximation of y4^^ 
weights. The motivation is the following: if we have an integral of a function over a 



16 ALEXANDER REZNIKOV 

finite interval, it may be convenient to "make" the function to be bounded, because 
to bounded functions we can apply the Lebesgue Dominated Convergence Theorem. 
We would like to prove following lemmata. 

Lemma 2.13. Assume w G ^p^pj' ^'^^s 

w{t), w{t) ^ a 
a, w{t) > a 

Then w^^ G A^^^p^. The same is true for the function 

a, w{t) ^ a 



Wait) 



Wait) 

Remark 9. Note that 



w{t), w{t) > a 



Wa^W^ Wa- 



Remark 10. Note that it is sufficient to prove the lemma only for w^. The result for 
Wa will follow immediately, since instead ofw,pi,p2 we can consider , —p2, —Pi- 

Proof. First, we fix an interval J C [0,1] and denote Ji = {t E J: w{t) ^ a}, 
J2 = {t E J: w(t) > a}. Denote also 

Zi = (w^^) , yi = (w^^) = • 

Then we want to prove 
(11) 

1 1 1 1_ 

= iaiZi + OL2Z2)'^^ ioLxVx + OL2y2) " i^iZi + a2a^^)pi (ai?/i + a2a^^) m ^ . 



1 



By Holder's inequality, we get z^^ ^ y^'^ . Therefore, if we denote by it, then 

1 

= su for a number s ^ 1 and expression (ITT!) , which we need to estimate, can 
be written as the following function of s and u: 

j_ i_ j_ i_ 

(p{s,u) = {aiZi + a2S^^u^'')p^{aiyi + a2U^'^) ^2 — (a;i2;i + tt2a^^)pi (aiyi + a;2a^^) ^'^ ■ 

Since 

"^"^ a2s'"-^u'"{aizi + a2sP^vjP^)n'^ ^ , 



ds 

the function Lp is increasing in s and therefore (f{s,u) ^ (p{l,u), i.e., it has the 
minimal value when w{t) is equal to u on J2 identically. 

Now we have u = w{t)\j^ > a and since ^^(l, a) = 0, the desired inequality will be 
proved after checking that ^ 0. We write 

_i ——1 -—-1 

= a2U {aiZi + a2u''^^)pi iaiyi + a2U^'^) ^2 x 

X [uP'iaiVi + a2uP') - u^^a^Zx + aa^^')] 
= axa2U {oL\Z\ \ a2U^^)^^ [axyx \ a2U^'^) ^2 \uF^ y\ — u^''^ Z}\., 
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and we are done because u^^yi — u^^zi ^ 0. Indeed, since u ^ w{t) and pi ^ p2, we 
have ^ w{t)P'^~'P^, whence uP'^w^^ ^ u^^w'P'^. Therefore, 

uP'yi - u^^zi = {uP'w''^ - uV)j^ ^ , 

what completes the proof. □ 

3. Searching for B 

3.1. Domain Qi. 

Lemma 3.1. For every point x = {xi,X2) G Qi there are two numbers u ^ 1 and 
V ^ 1 such that x lies on the line segment which connects (w^^m^^) and [v^^^v'^'^), 
and this line segment lies in fij. 

This lemma is obvious from the picture. 

Lemma 3.2. For every x, such that x G Vti, we have B{x) = 1. 

Proof of the Lemma \3. 2[ Take a point x E Qi and numbers u,v from the Lemma 
13. 1[ Then for some /i G [0, 1] we have Xk = /iw^'' + (1 ~ For this fi take 

\v, te[fi,l] 

By the Lemma 12. 6[ w G A^^ . Further, 

{vjP") = fiuP^ + (1 - l^)vP'' = Xk. 

We took u,v ^ 1, thus \{w{t) ^ 1}| = 1. Since {w^'') = Xk, and w G A^-^^ ^^, we get 
B{x) ^ ^ 1}| = 1- On the other hand, by definition, B{x) ^ 1. Therefore, 

bIx) = 1. □ 

3.2. Domain Qm. In this section we find B in Qm. As it was said in the subsection 
11.61 we need to find lines on which B is linear. These lines will simply be lines which 
connects the point (1, 1) with points on F. Our setting is the following: we fix a 
point (fP^, t'^^) G F and take a line with an equation 

vP^{l — Xi) — vP^{l — X2) = X2 — Xi- 

Obviously, this line contains (1, 1) and (f^^, v^^). We assume that B is linear on our 
line. Using that 5(1, 1) = 1 and B{vP^,vP^) = 0, we get 



B(x) 



Xi — V^^ X2 — v^^ 



3.3. Domain flu. To find B in flu, we use the following simple observation, flu 
has three parts of boundary: parts of i± and part of Fg. Since our candidate for 
B is linear on mentioned parts of i±, it is natural to assume B to be linear in the 
whole domain flu- Restriction of B to these parts are also linear. It gives us a hope 
that we can find a fully linear B, namely, B{x) = axi + bx2 + c. How do we find 
a,b,c7 We want B to be continuous on i± and, therefore, we want B{1,1) = 1, 
B{v^,v^) = 0, B{v^,v^) = 1. It gives us three equations: 

a + b + c = 1 

avl' + + c = . 

av"^' +bv'2 + c = l 
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Solving this linear system (and using that = one gets 

n, Pi- 



tt 



{1 - v^J){vPj - V^J) 



,P2 



1 - 



PI _ ^,P2^ 

1 



3.4. Domain Qyv. Now we shall find B in Qiy. We guess that if x G Qiy then B 
is linear on the tangent from x to Fq, which corresponds to 7+. We remind what it 
means. For every point x there is a unique point v^^) G Fi, such that x lies on 
the line, going from this point, tangent to Fg and having 7+ in its slope. Namely, 
the equation of this tangent is 

X2 = Q-P^^Y+'^^'vP'-PUxi - yP') + 
Pi 

We know that on this line to? ^ii ^2 are supposed to be constants. It means that they 
can depend only on v. Therefore, we divide the equation 

dto + xidti + X2dt2 = 

over dv and get: 

(12) t'oiv) + xit[{v) + X2t'^{v) = 0, 

when 

= Q-P^Pl^l^-P^vP'-P'{xi - yP') + 



Pi 

Now we substitute X2 from this equation into f|T2l) and use that f|T2|) is true for 
infinitely many values of Xi. Therefore, the coefficient of Xi must be equal to zero, 
which yields 



(13) 



pi 



P2 ..P2-Pl„,p2-Pl/' 



t'2 = 0. 



Since B{vP^,vP'^) = 0, we get 

to + yPHi + VPH2 = 0, dto + yP'dti + vP'dt2 = 0, 



so 

or 

(14) 
thus 



dto + v^'dti +piv'"'Hidv + vP^dt2+P2V^^~%dv = 
PitivP'-^ +P2t2vP'-^ = 0, 



t'^ = -PlvPi-P^-\t[v + {p^-p2)t,). 

P2 

Combining the last equation with ( fT3i) we obtain 

t[{l - Q~P^-fl''P') = ^^l—^tiQ-P'Yr""^ 



so 



(Pl-P2)Q-P2 7^2 "1 
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From (fT4l) we get 

P1-P2 

and from to + v^^ti + v^'^t2 = we get 
to 
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P2 



Pi 



We shall find C such that B is continuous in Qm nfliy. As before, A = Q ^^7+ 
On the line 



Pi V Pi 



we have 



B{xi,X2) = C 



P1-P2 , 

P2 



(Pl-P2)^ r)r, Til P1-P2 

1-A /(F^ p2-pi ■'"^1„, 1-A 



Pi P2 
Pl^P2A^p,Pl^^^] 
Pi P2 



C(l - A) 



XiV_ 



Pl-P2)^ P1~P2^ 



But on this line 



x\ — v: 



1 — V 



so 



C 



(Pl-P2)^ 

1 



1-A 1-v 



3.5. Answer for B. Now we would like to state the answer for B. 



X ^ Qi 



f_ 1 
{i-v'SKv'J-v'jf^ + (/2_i)(>i_^^2)^2 + 1 - (/i_i)(/2_i^, a; G 



(15) B{x) = < 



{vl^-iKv'L^-i)'- 



l-yPl ' 



X eQ 



III 



(Pl-P2)^ 
— 



k 1-A 1-v 



PI 



Pi-P2 „,m _|_ ^,,,P2-pi _ Pi 



P2 



P2 



X2 



X e ViiY 



where v is defined solution of equation 



vP^{l — Xi) — — X2) = 0:2 — 2:1, X G i^iii 

X2 = g-P2g7P'"^^t;P2-Pi(2:i - + x G fiiv 



and has the property that sign(xi — v^^) = sign(pi). 
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4. The estimate from above: B ^ B 

In the proof of the Theorem 14.31 we will use the following lemma. However, we 
postpone its prove to the Section [5l 

Lemma 4.1. B is locally concave. 

We would like to prove that B{x) ^ B{x). To do it, we enlarge our Q and 

consider another B. Precisely, take a number Qi, Qi > Q, and a domain Qq-^ = 
j_ i_ 

{x = {xi, X2) '■ 1 ^ Xi^ X2^'^ ^ Qi}- Now for this domain we build a function Bq^{x) 
in the same way we built our B in VL. In fact, we use formulas f lT^ . but we change 
Q by Qi- Note that Vt C VIq^ and A^^^^^ C A^^^^^- We need the following lemma. 

Lemma 4.2. Fix Qi > Q > 1. Then for every w G A'^^ there are two intervals 
and I~ such that I = U and if x^ = [{wP^)j^, {w'^^)i^ then [x~ ,x^] C fig^. 
Also the parameters can he taken separated from and 1 uniformly with respect 
to w. 

This lemma was proved in [8J. Using it we prove the following theorem. 

Theorem 4.3. For every point x G Q and for every Qi > Q we have Bq^{x) ^ B{x). 

Corollary 4.4. For every point x E Q we have B{x) ^ B{x). 

Proof of Corollary. It is obvious since Bq{x) is continuous with respect to Q. □ 

Proof of the Theorem. We want to prove that for any function w G A'^^ ,p^{I) and 
X = {{w^'^), (w^^)) it is true that 

(16) Bq,{x) ^ \{w ^ 

Then, passing to the supremum in the right-hand side, we get what we need. Assume 
w G A^_^ p2'^^ take a splitting of our interval / by the rule from the Lemma [4.21 By 
Dn we denote the set of intervals of n-th generation. For example, Dq = {/} and 
Di = {/",/'*"}. For every interval J G -D„ we denote 

x' = {{wnj,{w'')j)- 
Since Bq^{x) is locally concave, we get 

1 

(17) Bq,{x) ^ \I-\Bq,{x'-) + \I^\Bq,{x'^) ^ = I BQ,ix''{t))dt, 

where x"(t) is a step-function, defined in the following way: take J G -D„ and denote 
a;"(t) =x-^, te J. 

Since we assume that w^^ G Lijoc, we get 

a;"(t) {wP'{t),wP%t)) a.e. 

Moreover, in the Section [H] it will be proved that for every x E Q there exists a 
function w G A^_^p,^ such that B{x) = \{w ^ 1}|. The same can be shown for 
Qi instead of Q, so we get Bq^{x) ^ 1. Therefore, by the Lebesgue Dominated 
Convergence Theorem, we can pass to the limit in (fT7|) . Then we get 

1 

Bq,{x)-^ j BQ,{w^-{t),w^^{t))dt. 
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But for every t we have {w^'^{t), w^'^{t)) G F, where we know Bq^ by the Lemma fTTTl 
Therefore, 

Bq,{x) \{t : w{t) ^ 1)1 
which is what we need. □ 

5. Proof of concavity 
In this section we prove the following lemma. 
Lemma 5.1. The following inequality holds in the sense of distributions: 



dx"^ 

We break the proof of this lemma into parts. According to the paragraph 12. 4[ 
first we check that in interiors of Vti — fiiv the Hessian of B is nonpositive. 
Then we study jumps of B^^ and B^^ over l±. 
We warn the reader that this section is rather technical. 

5.1. Domains Vti and Vtn. Here B is fully linear and, therefore, = 0. 



5.2. Domain Vtm. As we know, here 

^ ' 1 - i)P2 1 - f P2 

Recall that v'^^il — xi) — v^^(l — X2) = X2 — xi so 

iP2V^^-\l - xi) - pivP'~\l - X2)X - = -1 



or 

where 
Put 

Once again, 
so 



, -1 

= : 



T = T{v) = P2VP^{1 — Xi) — pivP^{l — X2)- 



yP2 I 



yP2 _ 1 tlP2 _ 1 



B{x) = 'i^ = ^ + l, 



[18) B' = (X2 - 1) ■ -; tttV' = P2ix2 - 1) " TZ TTT 



T 



^P2 1 /•(^) 

^2(^2 - 1) ■ ■ Y = V2{X2 - 1)^. 



Observe that 
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therefore 



= ^2(2^2 - 1) 

_ P2{l-r2)f{v) 

Y2 

^ P2(X2 - l)f{v) 
^2 



f{v) {pIvP^-\1 - Xi) - pivP^-^l - X2)K^ - P2VP' „ , , ■ 
P2^ ^2 •'^^^ 



P2 - P2V'" + {pIvP'-\1 - Xi) - py'-\l - X2))-^'"' 



- 1) 



T 

pIvP^{1 - xi) - pjvP'il - X2) 

P2VP^{1 — Xi) — PiVP^{l — X2) 



-P2 



P2{X2 - l)f{v){vP^ - 1) P2PlVP'{l - X2) -ptvP'il - X2) 



_ PIP2{X2 - l)f{v){v^'^ - - X2){P2 -Pl) 

^ {X2-Iy{p2-Pl)v'"+'" P1P2 

Now we calculate B"^^^ . We use that 

Xi-yP^ Xi-1 
B(x) = = h 1. 

By straight-forward calculations we get 



^ (:ri-l)-(y^2-j^i)r^'^+^^ _ P1P2 

X2X2 ^2 ^ ' 



Using that det ^ = 0, we immediately get 

{1- Xi){l- X2)vP^^P^{p2-pi) P1P2 



B" — -\- 

^xiX2 ^2 



and we do not care if there is plus or minus. 
Finally, 



2^ B^CiXi^i^j = ^2 ^ ((1 - 2^1)^1 ± (1 - ^2) A2) . 



^2 

Recall that 

T = t; ■ 



V 



so 



(19) E = "^""S^T^'' . i . £^ ((1 - .0 A. ± (1 - A.)^ = 

VP^^P^{P2-P1) 1 P2 I ^ , ^2 

= • ^^^^731 ■ ^1^-1 - ^1)^1 ± (1 - ^2)^2) . 

Observe that sign(w*'2 — 1) = — sign(p2), signw^^ = — signpi and P2 — P\ < 0. It 
gives that 

i,3 
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5.3. Domain Qyv. We know that 

We do not need to write the full expression for a, since it does not matter for the 
sign of anything. Moreover, put V- = ^_^pi ■ Then we get 



Similarly, 



B =t2 = -V^v 1-^ , 

P2 I - A 



R// Pi Pi -P2 ^^-l / 



P2 {I -AY 



B" = B" = ■ ' ' ' ' V V 



Pi Pi -P2 



■x\X2 X2X1 (1 — A)^ 

As we know from the Lemma 12. 8[ 

A 



1 1 



P2II yp^ 
We have 

sign(S"^^.J = sign(l - v^_}) sign(^;;j = -1. 
Similarly sign{B'^^^^) = -1, and since det(0) = 0, we get that 0^0. 

5.4. Boundary. Now we proceed to "jumps" of first derivatives of B. We remind 
that in Qn we have 

B{x) = axi + bx2 + c, 

where 



\y 



P2 



We also remind the following notation. As before, for a smooth compactly supported 
test function we introduce two functionals 

^±i^) = [ ^{xi,Q~^^^Yr''{xi - 1) + l)dxi. 
J Pi 

5.4.1. Boundary Vti fl Vtu. Observe that if p2 > then 

fe, x2<Q-p^f^Yr''{x, 



and if J92 < then 



, ^ .ft, X2>Q-^-flT'''{x,-l) + l 

0, X2<Q-P^g7r"^ (2^1-1) + ! 



X2 



Therefore, in the sense of distributions, 

K2X2 = -sign(p2)&$+- 
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Notice that $+ is a non-negative functional, and therefore sign of B"^^^ is defined 
by the sign of — sign(p2)&- Since 

b 



and 

(20) sign(t;^^ - 1) = - sign(p2), 

(21) v^:} - vl' = vl'il - v^r"') < 0, 



we get 



so 



sign(&) = sign(p2; 



5.4.2. Boundary Vtn fl fini- Our plan is the following. First we count B'^^ on the 
line -^Ftzi ~ \ ; on Then we proceed to jumps. 
Let us evaluate B^^ on In fim, from f|T8l) we have 

/ X 1 
-Dn = P2\Xn — 1) ■ ; : ; r. 

' ^ 'vP^-l P2VP2{l-Xi)-piVP^{l-X2) 

On £_ we have f = f_, so, using the equation of and canceling X2 — 1, we get: 

v"' 1 



E,,(£_) =P2(X2-1) 



_ 1 ■ p^yP^{l _ a;^) -pit;Pi(l - X2) 

1 



P2 



Now we use that {v^ ,v^^) G i.e., 



It gives 



^P2 _ Q-P2^^P2-P1/^P1 _ 1) + 1. 

Pi 



(22) S,,(£_) 



V"^ 1 1 



Observe that = — , so 

7+ ' 



1 - 1 _ g-P2^P^-Pi ■ 

Finally, sign(l — f!^^) = sign(pi) and by Lemma 12.51 we have 1 — (5^^^7+~^^ > 0. 
Therefore, 

sign(S^,(£_)) = signpi. 



Similarly, 



Vx 1 f^'"^' 
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and 

As before, we observe that if p2 > then 



and if p2 < then 



pi 



Therefore, 

{Bx2X2,v) = sign(p2)(5^2(^-) - b)^-{f) + y B^^^^ifdx. 

Moreover, 

sign(S^2(^-)) = -sign(p2), 
sign(&) = sign(p2), 

so 

sign(p2)(5..(^-)-6) ^0. 

It finishes the proof. 

5.4.3. Boundary Qm fl Qiy. This is the best boundary since here all derivatives of 
B are continuous. We check it straightforward. We already know values of B when 
we approach £_ from Qui- 
Observe that in Qjv 

(Pl-P2)^ 

\ i V_ PJ-P2 fpi-p2 „2 , P2-P1 \ 

I- A I-V'^ \ P2 P2 J 

Also we know that the solution of Monge- Ampere equation satisfies the following: 
K,-ti,K,-t2. Thus, 

(Pl-P2)^ 

, 1 V (P1-P2)A 

R' —f,= Z 7; — i=A — 

Now we plug f = Then we immediately get 

1 1 



1 - A 1 - v 

Recalling that A = Q~P'^Y-~^^ gives us that B,j,^ is continuous on l_. 
Moreover, 

(Pl-P2)^ 
Pi 1 V_ ^""^ P1-P2 

U — — — 

SO 

Pi 1 

P2 1 - ^ 1 - 

which finishes the proof. 

Remark 11. Observe that it was sufficient to check continuity only of one derivative. 
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We shall briefly explain that. Note that the gradient of i? is a vector V-B = 
{B'^_^,B'^J. Assume we have two basis vectors 61,62 in M?. Then to prove that VB 
is continuous it is sufficient to prove that VB ■ 6j is continuous for z = 1,2. We 
choose 61 to be a vector, which is parallel to i-. Since VB is constant on we 
obviously have that VB ■ 61 is continuous. Now we simply choose 62 = (1,0) or 
62 = (0, 1), which is it. 

6. The estimate from below: B ^ B. Constructing test-functions 

6.1. Domain Qj. In the Subsection 13 . 1 1 we have already proved that for every point 
X & fli there is a suitable function w such that \{t: w{t) ^ 1}| = 1. 

6.2. Domain fin. We proceed with the same idea as in the Subsection 13.11 Take 
X e fin and an interval [a;~, x"*"] C fin such that x G [x~ , x^] and e £±. We write 

X = Xx^ + (1 — A)x~. 

We also can write that 

xf = ^± + {1- tJ-±)v^. 
We know that test-functions for x^ are the following functions: 

te[o,i- ^ 

1, tE[0,fi+] 

v+, t e 1^1+, 1] ' 

We wrote this to emphasize how we want to "glue" together to get a test- 
function for x. We will do the following: x~ has weight 1 — A and in the definition 
of w~ we have V- with weight 1 — Therefore, we define w{t) = V- on an interval 
of length (1 — A)(l — Using the same idea we deduce on which intervals w has 
to be equal to 1 and to Here is the definition: 

(v., t G [0,(l-A)(l-/i_)] 
w{t) = h, t G ((1 - A)(l - fi^), 1 - A + A/X+] . 
[v+, teil- X + Xfi+,1] 

Note that 
(23) 

{wP') = vP_:{l - A)(l - /i_) + 1 - A + A/i+ - (1 - A) + (1 - A)/i_ + <(A - Xfi+) = 

= (1 - A)(/i_ + (1 - /i_)v^O + A(/i+ + (1 - /^+X) = Xi. 
Now our goal is to prove that for every [a, /3] C [0, 1] we have 

and that B{x) = \{t: w{t) ^ 1}|. It follows from the next two lemmata. 

Lemma 6.1. The point ((''^^^)[q,^]) ^-s « convex combination of x^ , x+ 

and (1, 1) or lies on l±. 

Lemma 6.2. B{x) = \{t: w{t) ^ 1}|. 
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Proof of the Lemma \6.1\ Proof of this lemma is similar to the proof of the Lemma 

EH 

0« • T — • •! 

W = V- W = 1 w = v+ 

It is easy to see that the only interesting case is a < (1 — A)(l — and > 
1 — A + A/i+. In other cases we have a convex combination of V- and (1,1) or a 
convex combination of f+ and (1, 1), which follows exactly from the Lemma [2.61 If 
a < (1 — A)(l — and /? > 1 — A + A/i+ then 

= [v'-iil - A)(l - Ai-) -a) + (A/X+ + (1 - A)^_) + 

+ <(/3-l + A- A;u+) 
((l-A)(l-/i_)-a) _ /?-i + A-A/i+ + 

+ — 1-/.^ ■^^ + 



/3 — CK 



Note that the sum of all coefficients is equal to one, so we have a convex combination 
of and (1,1). □ 

Proof of the Lemma \6. 2 . Since B is linear in dos{Qii) we get 
(24) B{x) = XB{x+) + (1 - X)B{x-) = 

= A(l-/i+)S«,<^) + A//+S(l,l) + (l-A)/i_5(l,l) + (l-A)(l-^_)5(^;^S^^^) = 

= A(l - + Xfi+ + (1 - A)/i_ = A + (1 - A)^^; 

|{«; ^ 1}| = 1 - (1 - A)(l - /i_) = A + /i_ - A/x_, 
which finishes the proof. □ 

6.3. Domain Qm. Take a point x G Qm and connect it with the point (1,1). 
Take a number v < 1, such that the point {v^^,v^'^) lies on the line segment, which 
connects (1, 1) and x. Then there is a number fi G [0, 1] such that xi = fi + {l — ^)vP^, 
and X2 = /i + (1 — /i)v^2. 
Denote 

'i, te[o,^i] 

V, t G [/i, 1] 



w{t) 



By the Lemma [221 ^ ^pi,p2 ^^"^ ("W^*) = x^- 
Moreover, since < 1, we get 



Xi — v'^^ 



B{x) ^ \{t: w{t) ^ i}| = /X = ^ = B{x). 



6.4. Domain f^iv Our plan is the following. First we consider x G Fq. After we 
build a suitable function w for every such x, it will be easy to construct a function 
for every x G Qiy. 
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6.4.1. The case x G Tq. Take x eTq n Qiy. As usual, in fliy we have 

xi = 7+ f^S 

To introduce w we need some notation. First, choose u such that 

1 



1 - upi 



7?. 



Take now 



We also remind that 



Now denote 



1 

V 



7-t 



1, t e 

._■(f)^ te[a,l]. 
As usual, here is what we want. 

Lemma 6.3. {w^'') = Xk- 

Lemma 6.4. w G ^p^^pj- 

Lemma 6.5. \{w ^ 1}| = B{x). 

We prove the Lemma 16.41 in the Section [71 Let us prove Lemmata 16.31 and 16.51 

Proof of the Lemma \6.3[ For A; = 1 we perform a direct calculation: 



1 



(25) {wP') = + v"^'- '^a + v^Ja^^'- (1 - a'-^^'^ 

I — v_ 1 — v_ 1 — upi 



1 — upi 1 — upi 



+ xi — j^a = Xi. 



For = 2 we need the following: 

(26) ^^ = g-p.^p^ 

1 - iyp2 

To prove it take equation ([8]): 



P"^ \ .P2 _ T _ ■P2^_p2 P2-P1 



Q-P2 1 _ - ^P2 = 1 _ €±Q-P2Y^ 

Pi J Pi 



Multiplying it by Q^^7_,_ we get: 



1 - ^ = QP^j-P- - Plj-P^ = QP^j~P- - ^(1 - ^p,] 
Pi Pi Pi 



SO 

Pi Pi 

which is what we need. 
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Observe also that points (1, 1), {-j^^ , Q~^'^'~f^) and {v^ , v^) lie on a line £-. There- 
fore, we have the following equation: 

Now the calculation for (w'p^) is exactly the same as for {w'P'^). □ 

The equation (126|) is very useful for us, so we want to put it as lemma. 

Lemma 6.6. In our notation, we have 

1 



1 - upi 
1 



7?, 



1 - iyp2 

Consequently, 



yPk 



1 - l^Pk 

Proof of the Lemma l675i Since t« is a decreasing function and f_ < 1, we get 

Let us count B{x). It will be a direct calculation. Precisely, substituting Xk = jz-^ 
into (fT5|) . we get 

(Pl-P2)^ 

-d(^) = 7 B^"^ ''^ "^^ 

1 - v4 1 - V 1 - i^Pi P2 1 - i^P2 

(Pl-P2)"4 

1 t; ^"^ pi-P2^ /»i 1 pi 1 



1 — ^4 1 — f _ \J92 1 — lypi P2^ ~ ^P2 



1~A 



(^27^ 1 v_ pi-pj^ / vpi pi vp2 



PI- 


-P2 , 


1- 


" 1 


Pl- 


-P2'4 


1 


-A 


Pl- 


-P2^ 


1 


-A 


Pl- 


-P2'4 


1 


-A 


PI - 


-P2^ 


1 


-A 



(Pl-P2)^ 

1 V_ P1-V2A ( Vp\ Vpi 



\ — A \ — v_ \1~ ^P\ 1 ~ ^P2 

(P1~P2)A 

1 ^""^ Pi-P2^ Z/pi — ^']32 

^ \ -A \-V^^ ''^'(l-l^J9i)(l-Z/p2)' 

Recall that A = Q-P^-ff~^\ so 

1 - Z/p2 1 - t'J02 

Therefore, 

(Pl-P2)^ 
f- ^"'^ Pl-P2^ 1 



Moreover, observe that 



1 — V_ [1 — vpi) 



(Pl-P2)^ Pl-P2'4 

=v_ '-^ ■v':}, 
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SO 



1 — 1 — upi 1 — f _ 7!(_ 1 — VI. 



One more time recall that A = Q-P^-fl^-^' = if^, 



so 



1 - Z/pi pi - P2 
J9l - P2A = Pi- P2- = , 

I - iyp2 1 - Z/P2 

thus 

Pi - P2A _ 1^ 
1-A ~ u' 

Using that, we get 

, . _ ppi ■ 7- _ 7- + {^Pi - 1)7- _ 7^' - 7+^' 7- _ 7^ 

^\^) ~ l_r^Pi ^ ~ l-v^^ ^ ~ l-v^^ ^ ~ 1 _ ^Pi 

and that is exactly what we want to get. □ 

6.4.2. The case of arbitrary x G fijv- We now take an x G fijv and a point 
{yP^vP^) G r such that x G i+{v). We take a point y = {jI'vP\Q-p^j1^vP^). 
Assume that Wy is a function that we have built in the previous subsection. Note 
that there is a number AG [0, 1] such that 

X2 = {I- X)vP' + XQ~P'vP'Y+- 

Denote now 

^wy{{), te[0,X], 
V, te{X,l]. 

Take a function Wy(t) = Wy (|). It is defined when t ^ X, but when t is close to A, 
it is a power function, so we can extend it to the interval [0, 1]. So we assume now 
that our Wy (^) is defined for t G [0, 1]. We note that 

(i) ' ii) > ^' 
V, Wy {{) ^ V. 

Therefore, by the Lemma [2. 131 w G ^^^p^- 

Moreover, since B is linear on and since < 1, we get 

B{x) = (1 - x)B{vP\vn + my) = my) = A|K(t) ^ 1}| = \{w{t) ^ 1}|, 

which completely finishes our proof. 

7. Calculating the Ap^,p2-"NORM" of the test-function 

In this section we estimate a "norm" of some particular functions. We remind 
some notation. We fix a point x = (xi,X2) = (7+ i^^^ Q~*'^7+ v*'^) G Tq. First we 
take a number u such that 

^ pi 

= 7+ • 

1 - upi 

We proved that then the following holds: 

-^ = g-^^7^^ 

1 - iyp2 



w{t) 
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Consequently, 



We remind that 
and take 

Now we denote 



V- 



a = 



1 - ^Pk 

= 1- 
7+' 

^ 1 

V 



Pi 

>■ i—if 

(f)\ te[a,l]. 



w 



(^) - iv^, te ■ a, a], 



We introduce a simpler function 

uit)=v^-(^y, tE[0,l]. 
Our first lemma is the following. 
Lemma 7.1. 

This lemma was proved in [8], but we repeat the proof. 
Proof. We take an interval J = [a, [3] and write 



(28) {u^')y{uP')j'' = ix,-!^ X2-^ 



Q 



(3 — a J \ P — a 



/3 — a / \ /3 — a 

To prove that the left-hand side is not greater then Q we now have to prove that 
for every a and /?, such that ^ a ^ /3 ^ 1 the following estimate is true: 



P2 

^ 1. 



/3 — a / \ /3 — a 
Denote s = ^- Then the left-hand side of the last expression is equal to 

' 1 — S^^'^Pi \ PI / 1 — sl^'^P2 \ 



1 - s / V 1 - s 



where ^ s ^ 1. 

Now we shall stop treating 5^ as a function of s, but we consider is as a function 
of > 0! Then 

Qq _ 

— = something positive ■ log(s) ■ (1 — s"'^^ '^^^) ^ 0, 

and therefore 

g{s)^giu = 0) = l, 

and we are done. □ 
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Then, as in the Subsection 12.51 we have 

f_, t G [0, a], 

v^-{^Y, te[a,l]. 

From the Lemma [2.131 we know that G ^p^^p^- Recall that to prove that the 
initial function w is also in should prove that for every interval J C [0,1] 

But from Lemmata 17.11 and 12.61 we already know it for many intervals J. Con- 
sequently, we should check the last inequality for intervals J = [a, /?] such that 

a < ■ a, /3 > a. It will be our last step. 



Lemma 7.2. If J = [a, (3], and a < ^_^p^ ■ a, j3 > a, then 



Proof. Obviously, 
(29) {wnj = 



1 



13 — a 
Note that 

^i = K^) = -f + + l-ai-'^^^ 

1 — v_ 1 — v_ 1 — i^pi 



and 



Xi 



Therefore, 



and, similarly. 



1 - upi 



f3 — a 



Therefore 



1 



Let 

be the right-hand side of the last expression. First, we introduce new variables 

Xi 



t 



a 
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Denote 

1 / P2 \ — 

G{s,t) = F{a,/3) = ( 
We prove the following lemma. 

Lemma 7.3. G{s,t) does not attain its maximum in the interior of its domain. 

Remark 12. We have no intention to write the domain of G explicitly. However, 
its domain has some obvious properties. For example, ^ s < 1 and 

must be separated from zero. 

Proof of the Lemma. G is a smooth function, so if it has a maximum in the interior 
of its domain, then at this point both G[ and G'g are equal to zero. Denote 

t-s 



Then 



1 - s 

1 

1^' 



Therefore, = if and only if 

M 



PI 



P\ 1 - s 

VI 1 



which yields 
and, therefore. 



V\ Pi 



Q-PH^ -s)-{t- s)Q-PH^~^ = 0. 



P2 1 

s{Q-PHn-^ - 1) = 0. 

_ ^-1 

Since in the interior of the domain s > 0, we get Q P^tp^ = 1. Note that then 
t^l. 

Now let us count the partial derivative with respect to s, assuming that the last 
equality holds. Obviously, 

M'= 



2 ' 



(.-1) 

P2 

o~p^tp^ - 1 

^ — r i ^ 

{s - 1)2 

Observe that t 7^ 1, so 

1 1 1 111 

G' = —M^~^N~^M' MnN~^~^N' 

Pi P2 
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If G", = 0, then 

N M 
= 0, 

Pi P2 

P2 

1 Q~PHpi -s 1 t-s 



Pi I - s P2I - s 

and since we consider a concrete t, 

t- s = 0, 
t = s. 

But it contradicts with the second property of our domain from the remark, which 
finishes the proof. □ 

Note that our change of variables is obviously an open map. Therefore, the interior 
of the domain of F maps onto the interior of the domain of G and thus F does not 
attain its maximum in the interior of its domain. 

Let us study F on the boundary of its domain. 
Case a = 0. Here everything is pretty obvious, because, independently of /3, 

F(0,/3) = g. 

Case P = a. Here everything is also easy, since then the third piece of w is not 
involved and, therefore, we have a linear combination of (1, 1) and {v^,v^). 

Case a = ^_^Pi a. This case is already done, since here the first piece of w is not 

involved, and we get a cut-off of a function u from the Lemma 17.11 

Case (3 = 1. This case is more complicated and needs to be studied. Here we have 



1_ 

p7 fxi — a\pi f X2 — a\ P2 



a \ I — a 



where 



We denote 



H{xi, a) 



pi pi 
71. — 

^ a < ^ci- 

1 — v_ 



2_ i_ 

Xi — a\p^ ( X2 — a\ ''2 



1 — a J \1 — a 
Recall that X2 = Q^^^x^^ . We prove the following. 
Lemma 7.4. The following is true: 

sign (i/^. J = sign(pi). 

Suppose we have proved the lemma. First we show, how to finish the proof of the 
theorem. We note that xi ^ 7^^ if > and Xi ^ if pi < 0. Therefore, 

H{xi,a) ^ H{Y-,a). 

We would like to estimate the right-hand side. Assume, therefore, that Xi = 
X2 = Q'^'^'y^ ■ We introduce a function 
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Note that (q^^) = '^^_} = Xi, {q^"^) = (5~^^7-^ — ^2 and for every a ^ "'i_J'i we have 

^'i^''\ai] ^ Since the whole hne interval, connecting (1,1) and {v^\v^^) lies 

in Q, we have 



i_ i_ 

xi — a\p^ f X2 — a\ P2 



1 — a I Vl — a 



^ Q 



:7r 



for every a ^ — 

But to estimate H we need to consider a ^ — — jn— • a, which is stronger then the 

l—v_ ' " 

previous one, since a ^ 1. Therefore, 

and that is it. □ 

It remains to prove the last Lemma. 
Proof. Recall that we want to calculate H'^^{xi,a). Recall that 

£2 

X2 = Q-^^xl' . 

Therefore, 

dX2 _ P2 X2 

dxi Pi Xi 
Denoting M = = we get: 

= — M^i TV ^2 M TV ^2 = 

5X1 Pl P2 PlXl 



— Mpi f2 ^ 



1 ,T2 — Q! 1 Xi — a P2 



Pi 1 — a P2 I — a Pi Xi 



1 _i 1 _i q; 1 a;2 - Xi 

—M^i N J'2 . 

1 — axi pi 

All we need now is to prove that X2 — xi ^ 0. One can do it algebraically, but in fact 
it is a pure geometry. It can be seen from the picture, but we give an independent 

P1-P2 

proof. Notice that X2 ^ xi if and only if Q~p^ ^ x^ ''^ , which is true if and only if 

P1P2 

piQp2-pi ^ p^xi. 

Recall that 

Q-P2 fi_Pi\Y^ = i- ^Iq-p^y^-pk 

We have the following chain: 

P1P2 

(30) ^ ^ ■ pi ^ 7?"^^ ■ pi 4=J> 

PiQ-^'i'j-'' >Pi^Pi--(i- g-^^(i - -h'A >pi^ 

P2 \ Pi J 

Pi - { 1 > —{Pi- P2)Q T- ^ — ^ —Q 7- ^ Pi ^ 0. 

\P2 J P2 P2 P2 P2 
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since Q > 7_ we get that 

P1P2 

Qp2-pi ^ ^ pi'^O. 

Therefore, 

But we know that pi7^^ ^ Pia^i, which finishes our proof. □ 

The whole proof of the Lemma 17.21 is finished, which finishes the proof of the 
Lemma 16. 4[ 



8. An ILLUSTRATION: THE A2 CASE AND REVERSE HOLDER PROPERTY 

This section has two goals. The first one is to write an answer for the Bellman 
function in one particular case: pi = 1, p2 = — 1- This case is interesting because it 
corresponds to the A2 condition, which plays leading role in the theory of singular 
integral operators. This case is also interesting because here we can write an explicit 
answer in terms of the A2-"norm" of the weight, avoiding all implicit equation. 

The second goal of this section is to show the following statement. 

Theorem 8.1. Suppose w & A2 and [w]2 = sup j (w) j{w~^) j = Q. Then there exist 
a constant > 0, depending only on Q, such that for every a, < a < ao, the 
following inequality holds: 

where C = C{a) is a constant, which does not depend on w. 

We refer one more time to the paper [2] , where the opposite question was consid- 
ered: a Reverse Holder weight self-improves to an Ap weight. 

We should say that this result is known. It was proved, for example, in [7| with 
a sharp constant C. However, here we prove it just as an application of our sharp 
estimate for a distribution function of A2 weights. 

Let us start calculating the function B. We remind the reader that in our case 

B{xi, X2) = sup I |{t : w{t) ^ 1}| : {w) = Xi, {w~^) = X2,w E ^^|. 
We start with calculating constants ■y±. We have an equation 

Q(i + i)- = i + Q- A, 

7 T 

which has two solutions 

i+ = Q + VQ' - i- = Q- ^Q^ - Q- 



Therefore, 



7_ Q-^Q^ 

y_ — — 



7+ Q + ^/Q^ + Q' 
We know that in Qj our function B = 1. Let us calculate numbers a, b, c for Qn. 
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We have 
(31) 



Q + VQ^-Q' 



(32) , , 

(33) V. - vZ^ = -WQ'' - Q- 



Further, 

(34) 



{i-v^){v^-vz^)~ m^-Q) ' 

(36) c = 1 - -^—-^ — - = 1 + ^ 



(t;_-l)(z;Z^-l) 4(g-l)- 

We proceed to the domain Q^m. Let us find the parameter v in terms of Xi and 
X2. We have an equation 

-(1 - xi) - vil - X2) ^ X2- Xi. 

V 

It is a quadratic equation, and we know that v = 1 is a root. It is not hard to find 
the second one. Namely, 

1 — Xi 

V = . 

X2-I 

Therefore, in Qni we have 

X1X2 - 1 



B(x) 



xi + X2-2 

We now proceed to the domain Qiy. Here wc need more work. First of all, we should 
again find our v. Our equation (again quadratic) is the following: 

1 



which reduces to 



= g- (-1) -7+ -v ■ (xi-v) + -, 

V 



1 , Q ^ Q 

X2V - vil + + -^xi = 0. 
7+ 7| 



We have two solutions of this equation: 



1 + 3- ± 



2X2 

We should take the biggest value of v. It is obvious from the picture, since we always 
want our point x to lie between {v,v~^) and the point {-f^v,Q{'y^v)~^) (we could 
appeal to the definition of v from the general consideration, but we repeat it to make 
it easier to read). 
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So, we put 



1 + f + J(l + f)'-4|-x,x. 

V = , 

2X2 

We can make the following amazing simplification: 

= Q = v_. 

7+ 7+ 7-7+ 

Therefore, 

1 + V- + A/fl + — AV-XiX2 

V = . 

2X2 

Note also that we had a notation 

7+ 

Therefore, we get an easy answer for B: 

2v_ 2v_ 



1 l — v_ -I l~v_ 

1 V_ 2 Xi 2, 1 V_ 2 / 9 

B{x) = v^-"- ■ix2 + ^--) = v^-"- ■{v'x2 + xi-2v). 

But we have a nice relation between v and {xi, X2), namely, 

v'^X2 = V — v_{xi — v). 

We get, therefore, that 



v_ 



Bix) = ■ f ■ (xi — v). 

1 — w_ 

Finally, 

2xiX2 - (1 + + \/ {1 + v^y - Av_XiX2) 

27, 

We know that X1X2 ^ Q, so 

2Q-1-V.- y/{l + v^)^ -AQv. 



Xi — V ^ 



2X2 

The last expression is equal to 

X2 

so we get 



Xi — V ^ . 

X2 

Note that this estimate is in some sense sharp. We cannot guarantee that if our w 
has y42-"norm" equal to Q then is attains on the initial interval. But there are a lot 
of such functions, for example, the one from Section [61 
We get the following estimate for B{x), when x G Qiy: 



1 — f _ X2 
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Moreover, since 0:1X2 G [1,Q], we get 



Therefore, 



X2 



B{x) ^ C{Q)x^ 
We also note that if X1X2 — Q then 



C{Q) - 7± — VQ^- 

1 — V- 



Therefore, we write several answers for B. 



1, 



7-)/ \ J 3:13:2-1 
B{x) = < 0:1+0:2-2' 



8{Q^-Q) ^2 + 1 + 4(Q-i) ' xeihi 

X e Qui 



1-D_ 



X e r^iv 



To proceed we also write an estimate for B: 

1, xefiiUfiu 



B{x) ^ I X1+X2-2' 



X efi 



III 



Now we proceed to the Reverse Holder property. For the sake of simplicity we 
consider a function w such that {w){w^^) = Q. It simplifies things a little since 
then the point {{tw), {t~^w~^)) is on the curve Tq and, for example, never comes to 
^iii- 

Next, we use that 



where 

We know that 
thus 



= (1 + a) J s'^FMds, 



Fyj{s) ^ B{xi, X2\ s) = B{ — ,xis), 

s 



,Xi 



^ + / s''B{^,X2s)ds. 



We consider a point S — {^,xis). Note that 



7+ 
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Thus, 



oo T- oo Q \ 

^ (1 + a) J s''B{^,X2s)ds J + J s'^x'^^ s~^7^ ds . 

\ ^ 

\ 7- / 

Note that the right-hand side gives us an estimate of the form CxJ"*"" = C{w)^~^" as 
long as the second integral converges on oo. It does when 



Q 1 

a , < —1, 



or, equivalently. 



This finishes our proof. 



9. Some final remarks 



In this section we state some remarks which are about some unconsidered cases. 

First of all, we did not consider cases pk — 0, ±oo. However, in these cases our 

1 

method works in the same way. In the case p — the expression has to be 

replaced by exp(logu')^. It has to be replaced by sup j it; in the case p = +oo and 
by infjw in the case p = — oo. The answer for B in these cases will be obtained by 
passing to the limit when pk — )■ 0, ±oo. We also note that for the case, i.e., when 
Pi — 1 and p2 — 0, one can get an answer without passing to limit. The correct 
variables will be xi — (w) and X2 — (logw) with the relation 

xi exp(-X2) e [1, Q]. 

With the same splitting of the domain as it was above, the answer is the following: 

1, X E fli 

'^1 + i^ • + (l + (^;^) , xeQu 



B{x) 



{v—l) 

xe Qui 

• ■ {Xi — X2V — V{1 — log(t)))) , X e Oiv 



where the function v is defined by an implicit formula: 



v[Xx,X2) 



III 



0:2(1 — v) = {\ — X\) ■ log(u), a; G n 
VX2^ {xx - v) wlog(w), X G Oiv 



Further, we can consider another Bellman function, when we calculate 

sup(|{i/; > 

The answer will be absolutely the same in every points except (1,1), where our new 
function will be zero. Also we will not have an extremal function for every point; 
instead, we need to build an extremal sequence. 
Moreover, since 

|{«;^1}| = 1-|{«;>1}|, 
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we get that 

sup(|{^/;^l}|,...) = l-mf(|{w>l}|,...). 
Using our technique, one can easily calculate the right-hand side. The function for 
inf can be calculated in the same way as B with one difference: it must be convex 
instead of being concave. 
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